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Conditions on a(t), g(t), and f(t) have been found under which the bounded 
nonoscillatory solutions of the equation y’“‘(t) - a(t) y(g(t)) =f(t) approach zero. 
For the even order equation y”“‘(t) - a(t)y(g(t)) =f(t) the delay is shown to be 
causing the oscillatory behavior. 
1. INTRODUCTION 
The natural application of differential equations with retarded argument o 
physical systems has led to quite an extensive literature in this field [ 11. 
Oscillatory nature of these equations gains importance with regard to high 
speed mechanism, since some such mechanisms are highly susceptible to 
instability when a burst of oscillations is released by the delay term, see 
Minorsky [ 12, p. 5 181. A great deal of literature exists on the oscillation and 
nonoscillation of the equations 
y(*yt) + a(t)y(t) = 0 (1) 
and 
y’*“‘(t) + a(t)y(t - t(t)) = 0 (2) 
when a(t) > 0 is continuous on (-co, co). For this see [24, 13, 15-181 and 
the references cited there in. The attempt so far has been to find oscillatory 
criteria which hold good both for ordinary and retarded differential 
equations, the delay term virtually playing no role. 
Obvious examples, however, such as 
y”(t) - y(t - R) = 0 
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due to Bradley [3] clearly indicate a striking difference between the 
oscillatory behavior of Eq. (3) and 
y”(t) -y(t) = 0. (4) 
Equation (3) has oscillatory solutions sin t and cos t whereas Eq. (4) is 
nonoscillatory. Clearly, this difference is caused by the delay term. Recently. 
Ladas et al. ] 11, Theorem (3. l)] showed that if 
lim sup 1’ 
t-m 
(g(t) -g(s))&) ds > 1, 
*K(t) 
then bounded solutions of the equation 
Y”(f) - Ptt)Ytgtf)) = 0 
are oscillatory. Very scant literature exists about equation of the type 
J+*“)(t) - a(t) Jw)) =.I-@) 
and 
Y(2”‘tf) + 44 lw)) =f(t). 
(5) 
(6) 
(7) 
An oscillatory criterion for Eq. (7) has been given by Kusano and Onose [ 9 ] 
under the condition a(t) > 0 on (-co, oo). Nothing seems to be known about 
Eq. (6), however. 
Our purpose here is two-fold. First, we prove an oscillation theorem for 
Eq. (6) and second, we study the asymptotic nature of the bounded solutions 
of (6). 
DEFINITION. A function h(t) E C(t,, co) is called oscillatory if h(t) has 
arbitrarily large zeros in [to, co), t, > 0. Otherwise, h(t) is called 
nonoscillatory. 
In regard to Eq. (6), we shall assume the following for the rest of this 
paper: 
and bi;d;QT 4th g(f) are C(-co, co) functions with a(t) > 0, g’(t) > 0 
(ii) g(t) < it, g(t) -+ co as t + co. 
(iii) The term solution henceforth applies to continuously extendable 
solutions (on some positive half line) of equations they refer to. 
(iv) y”‘(t) s (d’/dt’)(y(t)), y”‘(t) E y(t). 
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2. MAIN RESULTS 
THEOREM 2.1. Suppose 
lim sup 
I 
t (g(t) -mY 4s) ds > 1 
t-m g(t) (2n - l)! 
(8) 
Let there exist a function q(t) such that 
and 
q(Z”)(t) -f(t) (9) 
lim qci’(t) = 0, i=O, I,2 ,..., 2n- 1. (10) t-too 
Let y(t) be a bounded solution of Eq. (6). Then either y(t) is oscillatory or if 
y(t) is nonoscillatory, then either y(t) -+ 0 as t + co or 
y”‘(t) + 0 as t-+a), i = 1, 2 ,..., 2n - 1. 
ProoJ In a manner of Kusano and Onose [9] (also see Kartsatos [7,8]), 
let 
x(t) = YW - 4(t)* 
From Eqs. (6) and (11) we have x(t) as a solution of 
x(*“YO - a(t)(-Wt>> + MO)) = 0. 
(11) 
(12) 
Case 1. lim,,, inf ] y(t)1 > 0. 
Then y(t) eventually assumes a constant sign and is nonoscillatory. Without 
any loss let t, > 0 be large enough so that both y(t) and y(g(t)) are positive 
for t > t,. Due to the condition on q(t), we get from (12) 
x(‘“)(t) > 0, t > T > t,, (13) 
where T is conveniently large. The boundedness of x(t) and (13) give the 
following conclusion: 
x(t) > 0, (-I)’ xci)(t) > 0, i = 1, 2, 3 ,..., 2n, (14) 
for f > T,, where T, > T is another conveniently large number. By the 
generalized mean value theorem, for Q < /3 we have 
y(a) =Ym + (a -P)Y’W + (a-P)’ y”(p) + ... + We’” 2, J+*“)(6), (15) n . 
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where a < 6 < ,f3. Since q(s) + 0 as s + co, there exists a T, such that 
--E < dg(s)) < E, s > T,. 
Since x’(s) < 0 for s > T,, we have 
x(ds) - El > x(g(s) + 4(&))) > x(g(s) + &). 
Notice that x(q(s) + E) > 0 since lim infi+, y(t) > 0. 
Replacing a by g(s) + E and p by g(t) + E, where E > 0 in (15) yields 
XMS) + E) > XW) + E) + (g(s) -g(t)) x’(&> + &I + ... 
+ (g(s) -gW”-’ x(2”-“(g(r) + F) 
(2n - l)! 
For t sufficiently large, g(t) + E 2 T, so that the conditions given in (14) and 
--F < q(g(s)) < E, x’(t) < 0, t > T, imply that 
x(g(s) + MS))) a XMS) + El 
and hence 
> ((g(s) - g(t))*“-‘/(2n - I)!) xc”’ -“(g(t) + F) (16) 
x(g(s) + d&))) > (k(s) -sW>‘“-‘l(2n - ~Y)x’2”-‘~k(~)). (17) 
Multiplying (17) by a(s) and integrating after making use of Eq. (12), we get 
x(2n-lyt) > -X(2n-l) 
(g(f)> J 
[ 
t (s(+&))2n-1 4s) _ 1 ds (1*) 
k?(l) (2n - I)! 1 . 
By condition (8) and conclusion (14), (18) is a contradiction. Hence, Case 1 
cannot occur. 
Case 2. 
lim inf y(t) = 0. 
t-m (19) 
Integrating (12) we get 
X(2n-l)(t)~X(2n-I) iI- 
( I) - j:, 4sMds)) + q(g(s))) cfs = 0. 
From (20) and definition of x(t) we have 
(20) 
X(2n-l)(t)-X @-‘)(7-J = j; a(s)y(g(s)) ds. (21) 
I 
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Now if IF, a(t)y(g(t)) dt = 00, then from (21) we must have 
X(*n-‘yf)+ co as t+co. (22) 
But then x(t) + 00 and since q(f) + 0 as t + co, we must have y(t)+ co as 
t + co contradicting boundedness of y(t). Thus 
I 
cc 
4t)y(g(t)) dt < ~0. (23) 
TI 
If xc*“-l)(t) is nonoscillatory, then x(t) is monotonic and lim,,, x(t) exists. 
From (lo), lim,,, q(t) exists. Thus lim,+,(x(t) + q(t)) exists; i.e., 
lim I+ao v(t) exists; (19) then implies that 
lim u(t) = iim, infy(t) = 0. 
I+00 --t 
If x(*“-‘)(t) is oscillatory, then taking T, arbitrarily large zero of x(*‘-‘)(f), 
it follows from (21) that ~(*~-i)(f)-+ 0 as t--t co. This in conjunction with 
(10) implies 
lim y(*“-‘j(t) = 0. (24) t-m 
Now there exist positive constants d and E, the latter being arbitrarily small 
such that 
YW < 4 (25) 
IY (*“-l)(t)l< E, (26) 
for t > T,. We now invoke Landau’s inequalities between derivatives of 
bounded functions. See Schoenberg [141. There exists a constant c > 0 such 
that 
1 Y(i)(t)l G cd(l-il*n-l)e(i/*n-l), i = 1, 2 ,..., 2n - 2. 
The proof of the theorem is now complete from (24) and (27). 
(27) 
EXAMPLE 1. Consider the equation 
y(‘yt) - e f/2--rry(t - *) = e-f - e-‘/Z. P-9 
Here 
q(r) = e-’ - 16e-“*, f(t) = e-’ -em*‘*, q’yt) =f(t). 
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As for condition (8), we have 
lim sup 3 
I 
t 
t+cc 
(t-s)3e”*-‘ds > 1. 
t--n 
All conditions of Theorem 2.1 are satisfied. In fact, Eq. (28) has y = e ~’ as a 
solution satisfying the conclusion of the theorem. 
Remark I. Our next theorem characterizes bounded solutions of Eq. (6). 
THEOREM 2.2. Suppose 
I-jr If( dt < * (29) 
and there exists a number k > 0 such that 
lim inf [ 
ftk 
t-a: 
a(s) ds > F > 0. (30) 
.t 
Let y(t) be a bounded solution of Eq. (6). Then either y(t) is oscillatory or if 
y(t) is nonoscillatory then y(t) -+ 0 as t + co. 
ProoJ Let y(t) be a bounded nonoscillatory solution of Eq. (6). Without 
any loss we can assume that there exists a large T, > 0 such that y(t) > 0, 
y(g(t)) > 0 for t > T,. When y(t) is negative eventually, a similar application 
will bring out the conclusion, Integrating Eq. (6) on [T, , t] we have 
?’ ~2n-lyt)~ym-I) CT,) - 1: a(s)y(g(s>) ds = ( f(t) dt. 
I 1 
(31) 
Now the right-hand side of (j 1) is finite as t -+ co. On the left if 
I’ 
m 
a(s>y(g(s)) ds = 00, (32) 
Tl 
then yf2n- ‘j(t) + co which implies that y(t) -+ co as t + co, which is a 
contradiction to boundedness of y(t). Hence we must have 
\ 
m 
a(s)yMs>> ds < CQ. 
-TI 
(33) 
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Then due to condition (30) 
lim infy(g(s)) = lim infy(s) = 0. (34) S’oo S’OD 
Now y (‘“-i)(t) is either oscillatory or nonoscillatory. If yCzn-‘)(t) is 
nonoscillatory, then y(t) is monotonic and from (34) we have 
lim y(t) = 0. 
f-r00 (35) 
If, on the other hand, y(*“-l)(t) is oscillatory, then it has arbitrarily large 
zeros in [T,, co). Taking T, as a large zero of y(*“-l’(t), it follows from (31) 
that 
lim yCzn-l)(t) = 0. 
1-m (36) 
Now if y(t) is bounded, then repeating the proof of Theorem 2.1 from 
(25~(27) we find that y’(t)+ 0 as t + co. The proof will be complete if we 
show that when y(t) is bounded then y(t) + 0 as t + 0. 
If y(t) fr 0 as t + co, then due to (35), let 
lim sup y(t) = 3m > 0. 
t+m (37) 
Now due to (35) and (34), in the manner of Hammett [6], there exists a 
sequence of points {tn} with the following properties: 
(i) {t,} is such that t, > T, for II > 0, 
(ii) t, + co as n -+ co; y(g(t,)) > 2m for each n, 
(iii) for each n > 1, there exists a number t: such that t,-, < t: < t, 
such that y(g(tA)) < m. 
Let an be the largest number less than t, and /I,, be the smallest number 
greater than t, such that 
Ma,)) = m = YW.PJ). (38) 
Now in the interval [a,, t,,], there exists a number r, such that a, < <, < f,, 
and 
Y’(&,)) s’(L) = (Y(&“)) -YM%))ml - an> 
from which 
I Y’(gWl g’(L) 2 (I Y(gW)l - I yM4>l)/(Pn - 4 
> MA - a,>. (39) 
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Since y’(g(t)) -+ 0 and g’(t) is bounded, it follows from (39) that 
lim (Jn--un)= 00. (40) n+cc 
Also 
Now 
>m i”” u(t) dt = co 
-a” 
(42) 
due to (30), (40), and the fact that m > 0. But (42) is a contradiction to (33). 
The proof is complete. 
COROLLARY 2.1. Suppose the conditions of Theorem 2.2 hold. Let y(t) 
be a bounded solution of the more general equation 
P’(t) - 4t)JJ(g(t)> =f(t). (43 1 
Then either y(t) is oscillatory or such that y(t) + 0 as t -+ 00. 
Proof. Same as that of Theorem 2.2 with trivial changes. 
THEOREM 2.3. Suppose there exists a function q(t) such that 
lim q’i)(t) = 0, i = 0, 1, 2,. .., n - 1 and q’“‘(t) =f(t). 
I + cc 
Let there exist a number k > 0 such that (30) 
lim inf 
t-cn 
a(t) dt > E > 0. 
Let y(t) be a bounded solution of Eq. (43). Then either y(t) is oscillatory or 
y(t) + 0 as t - co. 
ProoJ Let y(t) be bounded nonoscillatory. Let T, be large enough so 
that for t > T,, y(g(t)), and y(t) attain a constant sign. Without any loss we 
can assume that y(t) > 0 and y(g(t)) > 0 for t > T, since a similar method 
handles the case when y(g(t)) and y(t) are negative for t >, T,. From (43) 
and condition on q(t) we have 
XW) - a(t)y(g(t)) = 0, x(t) = Y(l) - q(t). (44) 
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Integrating (44) over [T, , t] we have 
Xwyt) -X(n-l) * ( I> - j;, a(s>Yk(s)) ds = 0. (45) 
Now in (45) 
I 
t 
4s)vMs)) ds < 00. (46) 
TI 
In fact, if 
I 
t 
a(s) y(g(s)) ds = ~0; 
TI 
then xc+‘i(f) --f 00 which means x(t) -+ co. But then y(l) + co due to the fact 
that lim t.+oo q(r) = 0. This contradiction proves (46). From (30) and (46) 
lim infy(g(s)) = lim infy(s) = 0. (47) s+m s-+cc 
Now if x(“-‘)(t) in (45) is nonoscillatory, then x(t) is monotonic. Since x(t) 
is bounded and q(t) + 0 as t -+ co, (47) implies 
Iim u(t) = 0. (48) t-cc 
If X(“-‘)(I) is oscillatory, then choosing 7’, as a large zero of x(‘-‘)(t), (45) 
and (46) imply 
lim xtn- i’(t) = 0 (49) t-00 
and since 
lim q’“-“(f) = 0 
t-m 
we must have 
lim y’“- “(t) = 0. 
t-m 
In the manner of proof of Theorem 2.1 from (25~(27) we find that 
lim y’(t) = 0. 
r-co 
(50) 
(51) 
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From here, the proof is the same as that of Theorem 2.2 from (37) down to 
the end. 
The proof is now complete. 
Remark 2. Example 1 satisfies the conditions and conclusions of both 
Theorems 2.2 and 2.3. 
Remark 3. In Theorems 2.2 and 2.3 we actually showed that ~(j)(f) -+ 0 
ast-+co,i=0,1,2 ,..., n-l,n>2. 
EXAMPLE 2. The equation 
y’ yt) - y(t - II) = 0 (52) 
satisfy the conditions of Theorems 2.2 and 2.3. Equation (52) has sin t and 
cos t as bounded oscillatory solutions. 
Remark 4. Theorems 2.2 and 2.3 extend Hammett’s [6] results to higher 
order equations. 
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